Abstract: We present a new experimental magneto-optical system that uses soft X-rays and describe its extension to time-resolved measurements using a free electron laser (FEL). In measurements of the magneto-optical Kerr effect (MOKE), we tune the photon energy to the material absorption edge and thus induce the resonance effect required for the resonant MOKE (RMOKE). The method has the characteristics of element specificity, large Kerr rotation angle values when compared with the conventional MOKE using visible light, feasibility for M-edge, as well as L-edge measurements for 3d transition metals, the use of the linearly-polarized light and the capability for tracing magnetization dynamics in the subpicosecond timescale by the use of the FEL. The time-resolved (TR)-RMOKE with polarization analysis using FEL is compared with various experimental techniques for tracing magnetization dynamics. The method described here is promising for use in femtomagnetism research and for the development of ultrafast spintronics.
Introduction
Femtomagnetism, which refers to magnetization dynamics on a femtosecond timescale, has been attracting research attention for more than two decades because of its fundamental physics and its potential for use in the development of novel spintronic devices [1] . The ultrafast dynamics of femtomagnetism can be accessed using ultrashort laser pulses to perturb magnetic materials via thermal and nonthermal effects. This produces a system of strongly-nonequilibrium states [2] . Immediately after a sudden disturbance, magnetic systems show demagnetization due to a transition from ferro-/ferri-magnetism to paramagnetism that is caused by impulsive heating. Additionally, in certain magnetic compounds, such as ferromagnetic alloys and ferrimagnets composed of rare-earth and transition metals, the magnetization is reversed on a femtosecond timescale [3] . Laser-induced phase transitions from antiferromagnetic to ferromagnetic phases [4] and optical control of the spin precession have also been reported [5] . These ultrafast demagnetization and magnetization reversal phenomena, and particularly the mechanism of spin-flips, have been interpreted from various phenomenological viewpoints [1, 6, 7] . Interactions between the electron, spins, lattices and photon fields have been incorporated in some models. In addition, superdiffusive spin transport [8] and interactions with collective excitations such as phonons and magnons [9] have also been considered in other models.
While the magnetization dynamics, especially on the femtosecond timescale, remain controversial from the microscopic perspective, a number of experimental techniques for probing of the transient characteristics have emerged to meet the demand for probing methods that are suitable for a wide variety of magnetic materials. One of these techniques is the magneto-optical Kerr effect (MOKE) method, which has been applied to investigations of static bulk/surface magnetism, spin transport and magnetization dynamics using linearly-polarized light [10] . These experiments have mainly been conducted in the visible range. In previous studies, MOKE in the soft X-ray range, which involves tuning of the photon energy to the absorption edge of a target magnetic element, has been investigated, and we call this method resonant MOKE (RMOKE) (see Equation (1) ) in this review [11, 12] . However, when it comes to the static magnetization measurements, the usefulness of RMOKE has not been focused on until now by the availability of other convenient soft X-ray magneto-optical measurement methods, such as X-ray magnetic circular dichroism (XMCD) spectroscopy [13, 14] . Following the development of femtosecond light sources such as synchrotron radiation (SR) sources using a laser slicing technique, the free electron laser (FEL) and the high harmonic generation (HHG) laser, the RMOKE technique used in combination with these state-of-the-art light sources is becoming increasingly important, particularly for temporal domain measurements in the subpicosecond timescale. We first demonstrated time-resolved RMOKE (TR-RMOKE) measurements using the FEL in 2015 [15] . In this review, we clarify the importance of the RMOKE technique when using an extreme ultraviolet (EUV) FEL from the methodological view point and demonstrate time-resolved RMOKE measurements using a seeded FEL at FERMI@Elettra (FERMI-I is generally called X-ray ultraviolet (XUV) FEL).
In the next section, the MOKE is introduced in terms of two of its aspects: rotation and ellipticity. The experimental geometry of the MOKE is explained with respect to the magnetization components that can be detected when using each configuration. In Section 3, we give an overview of the magnetic probing techniques, including the MOKE, that have been used to investigate static magnetism and laser-induced magnetization dynamics in previous research. In this section, the characteristics of the TR-RMOKE technique are clarified. In Section 4, methods used to perform MOKE measurements in the visible and soft X-ray ranges are explained. In Section 5, the results of RMOKE measurements based on rotating analyzer ellipsometry are shown for the ferrimagnetic alloy GdFeCo. In Section 6, the TR-RMOKE measurement method is demonstrated using a soft X-ray FEL. In the final section, we summarize this review.
MOKE Phenomena
The MOKE can be characterized based on its rotation and ellipticity properties. Linearly-polarized light can be decomposed into left and right circularly-polarized components. Each of these components has the same phase velocity and amplitude. When linearly-polarized light interacts with magnetized materials, the polarization state of the light will change in two ways. The first way involves the rotation of the polarization axis, and the second is a change from linearly-polarized to elliptically-polarized light that is characterized by the ellipticity η k . Figure 1 shows an example of the (polar) MOKE measurement. The phase (amplitude) variations between the right and left circularly-polarized light components is responsible for the rotation, denoted by θ K (ellipticity, η K ).
The measurement geometry is shown in Figure 2 . There are two main schemes that are used for MOKE measurements. One scheme is based on polarization analysis, because the polarization of the reflected light rotates, and its ellipticity changes (see Figure 2a,b) . The other scheme involves intensity measurements and is based on the fact that the polarization states of the reflected light do not change from the corresponding states of the incident light (see Figure 2c ) This is called the transverse MOKE, or T-MOKE. Schemes in the first group are classified based on the magnetization direction M. When M is perpendicular to the sample surface, the method is called polar MOKE (P-MOKE; see Figure 2a ). If M is parallel to the sample surface and the reflection plane defined by the incident and reflected light beams, it is called longitudinal MOKE (L-MOKE; see Figure 2b ). Historically, the schemes shown in Figure 2a ,b are recognized separately, but the MOKE signals that involve polarization analysis in the cases of Figure 2a ,b both originate from k · M, and there is thus no intrinsic difference between the two geometries. These measurement geometries correspond to the measurement under applying a magnetic field to a specific direction with respect to the incident plane as shown in Figure 2 . In the case of the arbitrary direction of the external magnetic field, magneto-optical effects observed in the reflected light are contributed from any of the three MO geometries. The phenomenological and analytical expressions in such cases can be found in the preceding studies [16, 17] . θ k and η k are defined with Fresnel coefficients, which depend on the frequency of incident light (ω) as follows [16] .
ω res corresponds to an absorption edge of the target magnetic element. θ ks (η ks ) and θ kp (η ks ) are the Kerr rotation angle (ellipticity) for s-and p-polarized incident light, respectively. i and j in the r ij are the electric-field component of the reflected and of the incident light, respectively. The tilde shows that the quantity is complex. The specific derivatives depends on the MOKE configurations, which are found in the earlier study [16] . The dashed line in the geometry row expresses the incident plane. In the polarization variation row, the changes in the polarization states that are projected in the plane that lies perpendicular to the direction of the travel of the light are shown for both incident (left) and reflected light (right). Figure 3 presents the various experimental methods that have been used to trace magnetization dynamics in previous studies, including MOKE. Each method is shown with respect to the energy required and the timescale of the operation, together with the relevant optical transitions and magnetization dynamics phenomena. The optical transitions are classified into two regimes: one from the perspective of the valence bands for energies of a few eV and the other from the perspective of the core levels for energies higher than those of the EUV range. Three light sources with sub-picosecond pulses, comprising the FEL, the HHG laser and the laser slicing source, are shown based on the energy ranges in which each source can emit.
Techniques for Magnetization Dynamics Capture
In the microwave and millimeter-wave range, magnetic resonance, such as ferromagnetic resonance (FMR) [18] and antiferromagnetic resonance (AFMR) [19] , has been used to investigate the precession frequency and the magnetic collective excitation or magnon. Inelastic light scattering, for example Brillouin (BLS) and Raman light scattering methods, is also employed for exploring the nature of collective spin excitation modes. These occur on a timescale of hundreds of picoseconds. Terahertz time-domain spectroscopy (THz-TDS) can directly visualize the electric field waveforms of ultrashort pulses [20] . Additionally, in time-resolved measurements, THz pulses can excite the system without being absorbed by the target materials, which means that heating effects can be avoided during the analysis of the magnetization dynamics [21] . In the energy range from the infrared to the ultraviolet, the magneto-optical effects in both reflection (Kerr) and transmission (Faraday) regimes have been used. In some magnetic compounds composed of rare-earths and transition-metals, element-specific measurements were reported by probing different wavelength for each magnetic element [22] . Furthermore, a nonlinear magneto-optical effect, magnetization-induced second harmonic generation (MSHG), has also been used to detect magnetic systems without inversion symmetry, such as systems involving surface and interface magnetism [23, 24] . While these methods can be used easily with laboratory-based lasers, most of them lack elemental selectivity because they are involved with the optical transitions that occur between delocalized states.
Above the EUV range, magnetic probe measurements are generally performed by tuning the photon energy to a specific absorption edge, which then enables element-specific measurements. In static measurements, the Kerr and Faraday effects in the EUV and soft X-ray ranges were particularly investigated from the late 1990s until the mid-2000s. Magneto-optical effects that are sensitive to <M 2 > are also used, including the Voigt effect [25] and X-ray magnetic linear dichroism (XMLD) [26] . These methods can probe both the ferromagnetic and antiferromagnetic orders. However, these magneto-optical effects, which are proportional to <M 2 > are much smaller than those proportional to <M> [25, 27] . Additionally, in XMLD measurements, it is difficult to separate the magnetic and nonmagnetic contributions [28] . XMCD is the most commonly-used technique for probing of ferro-/ferri-magnets, particularly in the soft X-ray range, and uses circularly-polarized light. This method can extract the spin and the orbital magnetic moment separately using magneto-optical sum-rules. While the XMCD signals in the EUV range are quite small when compared with the signal in the soft X-ray range, M-edge XMCD for 3d transition metals has also been demonstrated using a circularly-polarized HHG laser. The resonant inelastic X-ray scattering (RIXS) method is relatively new when compared with the other magnetic probing techniques and is complementary to the inelastic neutron scattering method [29] [30] [31] [32] . This method could become more easily available as a result of the increasing brilliance of third generation SR sources and the advent of the FEL. Furthermore, through its enhancement of the energy resolution, RIXS has an advantage in that it can be used to detect collective magnetic excitations. Unlike similar techniques, RIXS can also detect momentum-resolved information. Small-angle X-ray scattering (SAXS) is similar to resonant X-ray scattering and can be used to determine magnetic structures on the nanometer scale [33, 34] . Recently, this method has been used to investigate the topological spin textures of the skyrmion. Fourier transform holography (FTH) in the EUV and soft X-ray ranges has been measured using coherent light sources such as HHG lasers and FELs [35, 36] . Conventional magnetic imaging has been performed by magnetic transmission X-ray microscopy using zone plates. The FTH scheme of holography measurements can be achieved without a lens, such as zone plate. In SAXS, the average correlation length can be extracted, while the FTH reveals the element-selective real-space magnetic distribution. The resonant soft X-ray diffraction (RSXD) technique has been used to investigate the charge, spin, orbital order and structural information of specific elements, particularly in strongly-correlated systems, such as transition metal oxides. This technique can determine the magnetic structures of antiferromagnets and helimagnets. Resonant X-ray diffraction is also measured in the hard X-ray range for detection of charges and orbital orders; however, the magnetic scattering cross-section is extremely small in the hard X-ray range when compared with that in the soft X-ray range [30, 37] . Additionally, because the 3d states can be accessed directly in the soft X-ray range, resonant magnetic scattering is mainly used in the soft X-ray range. The following must be kept in mind for RSXD measurements: (1) the target ordering structure is limited, with a typically long periodic length of >10 Å, because the wavelength of the soft X-ray is longer than that in the hard X-ray range; (2) the attenuation length is smaller (∼100-200 nm) than that in the hard X-ray and neutron scattering ranges.
When transient magnetization measurements have been performed above the EUV range, HHG lasers, FELs and laser slicing light sources have been combined with the experimental methods described above. Transverse RMOKE (T-RMOKE) has recently been combined with an HHG laser to reveal in-plane magnetization dynamics on a femtosecond timescale [8, 38, 39] . When a grating is used, the time-resolved T-RMOKE spectrum can be measured using an HHG laser that covers the energy range around the M-edge of the 3d transition metals. Only recently, a time-resolved T-RMOKE technique has been combined with FEL at FERMI@Elettra [40] . Time-resolved XMCD (TR-XMCD) measurements have mainly been performed in the soft X-ray range, particularly for the L-edges of 3d transition metals when using a laser slicing light source [3, 41] . Recently, TR-XMCD measurements of the M-edge of a 3d transition metal have been demonstrated using an HHG laser [42] and an FEL [43] . These time-resolved reflectivity measurements using circular (XMCD) and linear polarization (T-RMOKE) have had an importance in tracing in-plane magnetization dynamics in the previous studies. A time-resolved RIXS (TR-RIXS) method with a femtosecond timescale has also been demonstrated using an FEL [9] . This enables tracing of the magnetic correlation with nanometer-scale momentum resolution, which provides information with regard to magnetic melting on various length scales. A time-resolved SAXS (TR-SAXS) method has been used to reveal the magnetic spatial response on a nanometer scale during demagnetization or magnetization reversal processes using FELs or HHG lasers [44] [45] [46] . Time-resolved FTH (TR-FTH) has been performed using both SR sources [47, 48] and an FEL [49] . Because of the higher brilliance and shorter pulse durations of FELs when compared with those of SR sources, holographic images can be obtained in much shorter times when the FEL is used. Time-resolved RSXD (TR-RSXD) for tracing of magnetic orders with q = 0 (where q is the wave number) has been implemented using a laser slicing source [50] and FELs [51, 52] .
In Figure 3 , we focused only on photon-in and photon-out schemes. In these regimes, the measurement system is not influenced by the existence of an external field. This scheme is crucial for measurement of magnetic systems under operando conditions, such as application of an electric field and a magnetic field for both insulators and metals. Direct spin detection schemes such as time-resolved spin-polarized photoemission and scanning tunneling microscopy are also considered to be important experimental options, although these are not photon-out techniques. 
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Characteristics of the TR-RMOKE Technique
Below the UV energy range, magnetization probing techniques detect the average information of target materials, whereas element selectivity is added in techniques that are involved with the core levels of target materials. We extract the features of the (TR-)RMOKE technique with polarization analysis, such as the features for polar and longitudinal geometries, through comparison with the other element-selective methods that are described in Figure 3 . Comparisons are made with the following notable techniques: TR-RMOKE in a transverse geometry, TR-XMCD, TR-RIXS, TR-SAXS, TR-FTH and TR-RSXD. The comparisons with TR-RMOKE in the transverse geometry and TR-XMCD are described in Features (1)-(3), which are presented in the next paragraph. TR-RIXS has only recently been used in combination with TR-RSXD. This technique focuses on tracing of the magnetic low-energy excitation mode. Therefore, if one is interested in the possibility that a demagnetization or magnetization reversal is affected by the magnetic correlated modes, this technique provides a deeper insight than the other methods. However, the laser-induced macroscopic magnetization dynamics, which are revealed by elastic scattering (including reflection), should be measured using other techniques, including TR-XMCD, TR-RMOKE for ferro-/ferrimagnetic orders and TR-RSXD for antiferromagnetic orders, along with TR-RIXS. TR-SAXS and TR-FTH are powerful tools for determination of the magnetic structure on the nanometer scale. However, these techniques are mainly used in transmission geometries. During sample preparation, when trying to arrange a transmission-type experiment, the target magnetic system must be thin enough for a sizable transmission to be obtained. TR-RSXD is mainly used for materials with long-range magnetic orders with q = 0, such as antiferromagnets. In the cases where ferro-/ferri-magnets are targeted, TR-XMCD and TR-RMOKE techniques are preferred.
The TR-RMOKE technique with polarization analysis using an FEL offers the following characteristics: (1) M-edge measurement feasibility, (2) measurements of both rotation and ellipticity, (3) use of linearly-polarized pulses, (4) giant Kerr rotation when compared with that of conventional visible MOKE and (5) element selectivity. We explain (1)- (3) in detail here. Characteristic (4) is discussed in Section 5.
(1) M-edge measurement feasibility:
In TR-RMOKE measurements performed in the soft X-ray range, the M-edge region is preferred to the L-edge region when the target materials contain 3d transition metals and when one is interested in the out-of-plane magnetization dynamics. In the L-edge range (100 ∼ a few keV), the experimental setup in the reflection geometry is limited because the light in this energy range is strongly absorbed by the materials. To detect the out-of-plane component of the magnetization, it is important to ensure that the angle of incidence is as close to the sample surface normal as possible. However, the reflectivity drops off dramatically with decreasing angle of incidence θ (with respect to the sample normal) and R ∼ 10 −10 − 10 −11 at θ = 45 • [53] . To use the reflection setup in the L-edge region, grazing incidence is required to enhance the reflectivity, and this reduces the magnetic contrast in the out-of-plane magnetization components. TR-XMCD is usually used in the L-edge range and is detected using a reflection geometry with grazing incidence [54] . There is also the possibility that out-of-plane magnetization dynamics may be detected using TR-XMCD in the L-edge range via transmission [3] and total fluorescence yield (TFY) [55] modes. However, for the transmission measurements, the sample thickness must be thin enough to allow high transmission, and the detection system for the TFY measurements must be carefully constructed to prevent the pump laser from entering the detectors and collecting a low photon flux. In contrast, around the M absorption edge (50∼70 eV), the light is less absorbed by the materials than it is in the L-edge range. Therefore, sizable reflectivity can be obtained at all angles of incidence. In the polar MOKE geometry, which is used to detect out-of-plane magnetization, the effect is maximized at normal incidence. However, even under this condition, there is a detectable reflectance that ensures that a better signal-to-noise ratio is obtained in the M-edge range than in the L-edge range. These facts mean that the freedom of the experimental setup is greater in the M-edge range than in the L-edge range for the detection of out-of-plane magnetization dynamics on a sub-picosecond timescale. When these advantages are used, it is expected that it will be possible to measure the depth-dependent RMOKE signal by varying the angle of incidence. In addition to the high degree of measurement freedom, the magnitude of the RMOKE for the M-edge is of the same order as that for the L-edge that was reported in earlier studies [56, 57] , whereas the magnitude of the M-edge XMCD is much smaller than that of the L-edge XMCD. In addition, the M-edge XMCD lacks the advantage that exists in the L-edge range, in which the spin and the orbital magnetic moment can be extracted using the sum-rule. Because the spin-orbit splitting in the M-edge range is smaller than that in the L-edge range, the assumption made for formalization of the sum-rule is not fully met in the M-edge range. This causes a discrepancy between the spin/orbital magnetic moments that were extracted from the M-edge and L-edge XMCD measurements [58] .
(2) Measurement of both rotation and ellipticity:
In principle, it is possible to measure both rotation and ellipticity in MOKE measurements, whereas XMCD measures only the ellipticity. Through simple calculations, the non-diagonal component of the permittivity tensor can be determined based on the rotation and the ellipticity [10] . In earlier studies, the determination of the permittivity over the EUV to soft X-ray energy range was conducted indirectly with a certain number of errors. However, by performing RMOKE measurements in this energy range, it is possible to determine the permittivity component that carries magnetic information directly.
There is another advantage to be obtained from measuring both the rotation and the ellipticity. In the femtomagnetism field, the magnetic response in transient magneto-optical signals is not trivial, and this has led to controversial discussions in earlier studies. There are both optical and magnetic contributions to the magneto-optical response. A recent theoretical study suggested that analysis of time-dependent magneto-optical signals in terms of both their rotation and ellipticity is important for the extraction of the intrinsic magnetization dynamics on a sub-picosecond timescale [59] . In TR-RMOKE techniques for use in a transverse geometry, the transient reflected intensity is measured. However, two physical quantities, i.e., the rotation and the ellipticity, can be extracted in TR-RMOKE with polarization analysis, as in the cases of polar and longitudinal geometries.
(3) Use of linearly-polarized pulses:
In TR-RMOKE measurements, linearly-polarized light in the EUV ∼ soft X-ray range is used. The polarization state is analyzed through ellipsometry in the polar RMOKE (P-RMOKE) and the longitudinal RMOKE (L-RMOKE). In contrast, TR-XMCD measurements use circularly-polarized light. Most of the TR-XMCD measurements on the femtosecond timescale are conducted using a laser slicing source with circular polarization. However, these measurements suffer from extremely low photon flux when compared with those using SR and FEL sources [60] . Among the FEL facilities that are currently in operation, circularly-polarized light can be obtained in the EUV to soft X-ray range at the FERMI@Elettra and Linac Coherent Light Source (LCLS) [61] [62] [63] facilities. However, to extract the magnetization dynamics, accurate preliminary determination of the degree of circular polarization, which is dependent on the energy, is required. In this sense, measurements using linearly-polarized light are straightforward for use in analysis of the magnetic response from the transient magneto-optical signals. In HHG lasers, circularly-polarized EUV light has recently been produced using various techniques, including use of a phase-shifter and production of two circularlyor linearly-polarized light beams at slightly different wavelengths [64, 65] . However, HHG lasers have smaller output intensities when compared with FELs, and thus, an FEL source is preferred when attempting to detect the dynamics of weak magnetic signals.
The combination of the RMOKE with an FEL provides another possibility for nonlinear RMOKE signal detection, while the nonlinear regime of XMCD is not expected to be useful. In the visible range, MSHG is often used, as shown in Figure 3 . Through a polarization analysis of the SHG signal, a large-scale rotation was observed in the visible range [66] . Because second-order nonlinear signals only appear from systems without inversion symmetry, the nonlinear RMOKE technique can provide element-selective and surface/interface-selective measurements, which is important for investigation of spintronic materials, such as magnetoresistive, spin-valve and magnetic topological insulator systems.
MOKE Measurement Scheme

Visible MOKE
In the visible region, the MOKE is typically measured using the polarization plane modulation technique shown in Figure 4 . A Faraday cell set between a polarizer and an analyzer compensates for the rotation of the polarization plane due to the Kerr effect in the sample. In the magneto-optic measurement field, the polarizer that is positioned after the sample is called the "analyzer". To enhance the sensitivity to the Kerr rotation angle, an AC current for modulation is added to the DC current, and the output signal from a detector is input to a lock-in amplifier; its output signal is then given as feedback to the current for the Faraday cell. Anisotropic materials such as LiF and MgF 2 can be used for the polarizer because they either show birefringence or dichroism [67, 68] . 
RMOKE
In the soft X-ray region, the method described above cannot be applied because of a lack of appropriate optical components, such as Faraday cells and transmission-type polarizers. This is because of the extremely low transmission or the high extinction coefficient k of the optical constant in this photon energy range. Additionally, the refractive index n of the optical constant of a soft X-ray is nearly one, and is thus close to that of air, which means that the intensity of the reflected beam is also very low. Under these severe experimental conditions, researchers have tended to choose reflection-type optical components because there are very few candidates for the transparent materials for soft X-ray light.
To improve the reflectivity of these components, the constructive interference effects from multilayer structures have been useful in guaranteeing sizable reflectivity in the soft X-ray range. Multilayer mirrors can reflect light within a specific energy range that is roughly defined by Bragg's law (λ = 2dsinθ, where d is the thickness of a single period of the layer and θ is the angle of incidence with respect to the surface normal). The constituents of the multilayer structures are materials with low k values and large differences in n. In the soft X-ray region, the first material is selected to have an absorption edge at a higher energy than a specific target energy, and a counterpart material with low k and n in the energy region is then chosen. If light is incident on the multilayer mirror at the Brewster angle, which is defined by the angle where the p-component of the reflected light is suppressed when compared with the s-component, the multilayer mirror can then be used as a polarizer. In the L-edge region, the value of n is almost one, which means that the Brewster angle is approximately 45 • . On the other hand, in the M-edge region, n deviates from one, so that the Brewster angle is not around 45 • . In this case, the polarizance, which is defined as the ratio between the s-and p-reflected intensities r s /r p , under 45 • incident angle is of the order of 10-100 using Mo/Si multilayer mirrors. In the L-edge range, the polarizance is around 1000-100,000 with the same reflection geometry, although the multilayer combination is different (e.g., W (tungsten)/B 4 C (boron carbide), W/C (carbon)). Figure 6 shows a collection of polarizers for photons at wavelengths ranging from visible light to hard X-rays [69] . Even with the order of the polarizance in the EUV range, it is able to determine a principal axis of reflected polarization for extracting Kerr angles. 
Multi-layer Diffraction Crystal
When the multilayer mirror described above is used, the Kerr rotation angle θ k and the Kerr ellipticity η k can be determined experimentally using the rotating analyzer ellipsometry (RAE) technique, which is shown in Figure 7 . In RMOKE measurements using this setup, the intensity of the light that is reflected by the analyzer is monitored at the detector as a function of χ, as shown in Figure 7 . The incident light impinges on the sample, and the reflected light is then transferred to the ellipsometry unit, which is used to determine the Kerr rotation angles. After passing through two pinholes that are positioned to ensure accurate alignment of the reflected light, the light reaches an analyzer with an angle of incidence that is roughly equal to the Brewster angle. The reflected light from the analyzer is then detected by a detector represented by the microchannel plate (MCP). The MCP is used in current detection mode. During extraction of the Kerr rotation angle, the section that is indicated by the rectangle of broken yellow lines in Figure 7 is rotated with respect to the axis of the light reflected from the sample using a rotary flange. The reflected light intensity from the magnetic sample is dependent on the ellipticity angle η K and the azimuthal angle of the major axis of the polarization ellipse θ K of the beam. It should be noted that the RMOKE measurement system does not require the lock-in amplification that was adopted in the visible MOKE setup shown in Figure 4 . We describe the resulting intensity that is obtained by rotating the ellipsometry unit indicated by the yellow dashed rectangle in Figure 7 using a Mueller formalism [70, 71] , in which the polarization states are expressed using the Stokes vector. The Stokes vector consists of four elements, S 0 , S 1 , S 2 and S 3 , which express the sum of the vertical and horizontal components of the polarization (= total intensity), the difference between the vertical and horizontal components, the difference between the π/4 and −π/4 components and the difference between the right-handed and left-handed components, respectively. It is given by:
The degree of polarization, V, can be expressed as follows:
The absolute intensity is less important than the polarization state in most real cases, so it is convenient to define the normalized Stokes parameter that is divided by S 0 , which means that S 0 = 1. The resulting normalized Stokes parameters can then be expressed as follows.
In the Mueller scheme, the optical components are expressed by the Mueller matrix. Using A R , which is the analyzer, and R(χ), which is the coordinate rotation, the Stokes vector S (χ) of the light that is reflected by the analyzer and reaches the detector is a function of χ. It is expressed using the Mueller matrices as:
where S is the Stokes vector of the light that reaches the detector after reflection from the analyzer.
The intensity I(χ) of the reflected light that reaches the detector is derived from Equation (8):
where α is the ratio of the reflectance amplitudes, r s /r p , for the s-and p-components.
Using the relationship between the Stokes vector and V, η K , and θ K (from Equation (7)), the intensity can be written as:
The phase-shift in I(χ) corresponds to θ K . The value of V is unity if the light is perfectly polarized. The dependence of the cosine square function on χ is Malus' law [72, 73] . If we assume that V = 1, the intensity I(χ) can simply be expressed using a cosine function with η K and θ K as:
where the values of C 1 and C 2 determine η K . Figure 8 shows an example of the experimental results using SR. The vertical axis shows the signals detected at MCP as shown in Figure 7 . The Kerr rotation angle θ k can be determined using this RAE technique. For example, the phase difference that appeared in curves that were measured under the application of +B and −B fields corresponds to double the Kerr rotation angle, i.e., 2θ k . It should be noted that in the RAE technique, V affects the value of the ellipticity. If the light is not completely polarized and unpolarized components are included, there is then a reduction in the amplitude that leads to a decrease in C 1 (η K ) in Equation (11). Unpolarized or fully-circularly-polarized light gives no intensity variations in the RAE measurement. The degree of polarization is dependent on the energy and the optical components in the SR beamline. The polarizance of an analyzer is also taken into account for extraction of the ellipticity from the RAE technique. In the remainder of this review paper, we focus solely on θ K for revealing the first demonstration of TR-RMOKE with FEL. θ K is independent of V, and we thus take V = 1. Measurements were taken at room temperature. The photon energy was tuned to 53 eV, which corresponds to the M edge of iron.
Static RMOKE Measurement
In the visible region, the MOKE measurements essentially probe the average magnetizations of target samples. In contrast, in the shorter wavelength range around the soft X-ray region, light interacts with the electronic states in the core levels of matter, such as the 2p or 3p absorption edges for 3d transition metals. These core level states are relatively localized to each of the element atoms when compared with the states near the Fermi level for magnetic metals, and there is a resonant effect in the MOKE data. Therefore, the RMOKE measurements detect the magnetization of materials with element selectivity. In this section, we review the research on the various types of RMOKE, including transverse RMOKE (T-RMOKE), longitudinal RMOKE (L-RMOKE) and polar RMOKE (P-RMOKE).
In the soft X-ray region, T-RMOKE has been used earlier and adopted more widely than the other RMOKE geometries. This seems to be because T-RMOKE requires only intensity measurements, as shown in Figure 2 , and it is more technically feasible than the polarization analysis. The T-RMOKE measurements were initiated by measurement of a Ni sample at the Ni K-edge that led to observation of 0.2% as a peak-to-peak value of the asymmetry [74] . The research itself was motivated by the study of an interference effect between X-ray magnetic Bragg scattering and the electric scattering in the X-ray diffraction measurements [75] . Tuning of the photon energy at the K-edge means that the 1 s → 4p dipole transition occurs and the magnetic signal, then mainly originates from p-d hybridization [76] , which was similar to the visible MOKE case [77] . Subsequently, T-RMOKE measurements were carried out on a Fe sample at the L-edge [78] . In this case, the dipole transition is 2p → 3d and thus directly probed the itinerant 3d bands. The asymmetry ratio increases by up to ∼20% as a peak-to-peak value, and the data obtained allow us to extract the total width of an excited state and the magnitude of the exchange splitting when combined with theoretical resonant scattering calculations [79] . Triggered by this research, T-RMOKE experiments were reported in [80] [81] [82] [83] for the Co M-edge, in [82] [83] [84] , for the Co L-edge, in [82, [85] [86] [87] , for the Fe M-edge, in [82, [88] [89] [90] [91] , for the Fe L-edge, in [82, 87, 92] , for the Ni M-edge, in [82, 87] , for the Ni L-edge, in [93] , for the Pt L-edge, and in [94] , for the Mn L-edge. Additionally, the L-edge T-MOKE experiment was applied to the investigation of the magneto-crystalline anisotropy energy of an ultra-thin transition metal (Co) film [84] . It should be noted that the T-RMOKE signal basically originates from pure-charge and pure-magnetic signals; however, when the angle of incidence is tuned to the Brewster angle, components of the charge scattering are suppressed, and a pure-magnetic signal can be obtained within this geometry [86, 89, 95] .
Moving onto the L-RMOKE research, polarization analyses of L-RMOKE were reported in [11, 96] . The Kerr rotation angle was measured for a Fe/Cr multilayer structure at the individual photon energies of the Fe and Cr absorption edges. The Kerr rotation angles were two orders of magnitude higher than the corresponding values in the visible region. The L-RMOKE measurements were found to enable depth analysis by varying the photon energy, including analysis of the pre-edge region. In [91, [97] [98] [99] , depth profile measurements using Fe, Co and Ni L-edge L-RMOKE were demonstrated by selecting appropriate angles of incidence and energies. The L 2,3 spectra of the rotation angles and the ellipticities were measured for the Fe, Co and Ni metal samples [12, 100] . The L-RMOKE Kerr rotation angle was related to the T-RMOKE signals, while the L-MOKE ellipticities corresponded to the XMCD spectra of the reflected beam. The researchers also discovered notable interference effects from the light reflected from the surface and the interfaces in the L-RMOKE spectra. Recently, M-edge L-RMOKE measurements of Co and Ni were reported in [83, 101] .
A P-RMOKE experiment has recently been the subject of intense attention from researchers because it has the only measurement geometry that can detect perpendicular magnetization (Figure 2) , which is significant for the development of modern storage devices. The P-RMOKE was predicted in 1975 when Ni metal showed a θ k value at the M 2,3 -edge that was 10-times larger than that in the visible region [102] . Then, P-RMOKE measurements were carried out at a synchrotron radiation bending-magnet beamline and confirmed that θ k was 50-times larger at the Ni M 2,3 edges [56] . Basically, there is no apparent physical difference in the RMOKE signals between the longitudinal and polar MOKE geometries. Either technique can be used, depending on whether the magnetization direction is parallel or perpendicular.
We now provide an example of RMOKE for a thin-film structure of Ta (2 nm)/Gd 21 (Fe 90 Co 10 ) 79 (20 nm)/Ta (10 nm) that was fabricated on thermally-oxidized silicon wafers using a radio-frequency (RF) magnetron sputtering process. The Gd 21 (Fe 90 Co 10 ) 79 alloy is ferrimagnetic. The magnetic moment of the transition metal (Fe) sublattice at room temperature is higher than that of the rare earth (Gd) metal, and the direction of the magnetic moment of the Fe atom is parallel to that of the external magnetic field. The Ta (2 nm) capping layer prevents oxidation of the Gd 21 (Fe 90 Co 10 ) 79 , and the Ta (10 nm) underlayer helps with adhesion to the Si substrate. Figure 9a shows a set of soft X-ray absorption spectra for the Gd 21 (Fe 90 Co 10 ) 79 sample that were measured under saturated magnetization conditions (Figure 5 ), where the external field of ±0.47 T was applied perpendicularly to the sample surface. The measurements were performed at bending-magnet beamline BL5B at the Ultraviolet Synchrotron Orbital Radiation facility (UVSOR, Okazaki, Japan). The degree of linear polarization is at least 0.98 [101] . The spectra were obtained using the total electron yield mode. The vertical axis in Figure 9a was normalized by incident intensity measured by a gold mesh. The peaks at 33 eV, 42 eV, 53 eV and 66 eV were assigned to the Ta 5p 3/2 , 5p 1/2 , Fe and Co 3p absorptions, respectively. Figure 9b shows the experimental RMOKE spectra obtained around the Fe M-absorption edge. The RMOKE measurements were conducted in a polar geometry (P-RMOKE), and the Kerr rotation angle values were obtained by the RAE method, which was shown in Figure 7 . At the Fe 3p absorption, θ K was approximately 3 • , while at the Co 3p absorption, θ K was approximately 5 • , and these values were approximately 10-times larger than those obtained from the visible MOKE, as shown in Figure 5 . From a set of the absorption and RMOKE spectra, the photon energy of 53 eV is found to have sufficiently large values for both the absorption peak and θ K , and the Fe atom is thus the most suitable candidate for tracing of the magnetization dynamics in Gd 21 Figure 10 shows a schematic of the TR-RMOKE experiment that was carried out on the Diffraction and Projection Imaging (DiProI) beamline [103] at the seeded FERMI FEL at the Elettra laboratory in Italy. We used the FEL-I, which is normally operated at 60-20 nm (where hv = 12.4-62 eV) with an electron beam energy of 1.2 GeV [104, 105] . The optical pumping was performed using the infrared (IR) lasers that are used for seeding of the FEL, and the pump pulses were thus intrinsically synchronized with the FEL probe pulses with practically jitter-free time resolution [106] . It should be noted that the seeded FEL at FERMI has excellent longitudinal coherence and spectral purity when compared with the commonly-used self-amplified spontaneous emission (SASE) scheme, and it also offers a multiple polarized pulse capability [61] .
Demonstration of TR-RMOKE with a Soft X-ray FEL
Measurements were performed using 23.6-nm (52.5 eV) FEL pulses with widths of 80-100 fs and a 780-nm IR laser. The pump-probe method was used with a repetition rate of 10 Hz. The FEL and IR laser beam spot sizes on the sample were 420 µm and 530 µm in diameter, respectively. The time resolution was limited by the pulse width of the pump laser of 150 fs. The fluences of the pump beam and the probe pulses were tuned to 14 mJ/cm 2 and 3 mJ/cm 2 , respectively. The temporal overlap of these pulses was determined with 250 fs resolution by monitoring the reflectivity changes of Si 3 N 4 in the FEL pump/IR laser probe experiment [106, 107] . The spatial overlap was checked using a YAG crystal.
The measurement configuration was set such that a linear-horizontally-polarized IR beam and the linear-vertically polarized FEL beam were coaxially incident on the sample. The degree of linear polarization of the FEL, which was nominally called vertical polarization, was ∼0.97 [108] . The FEL was used to irradiate the sample in the s-polarization configuration with an angle of incidence of 45 • with respect to the surface normal. The ellipsometry was conducted by rotation of the RAE unit, in which the reflected FEL beam traveled through a rotary flange, which was then reflected at a Mo/Si multilayer mirror (10 periods of 19.1-nm layers) and was finally detected at the MCP. An Al filter was used to attenuate the reflected IR laser beam. The fluctuating pulse-to-pulse intensity of the FERMI pulses was monitored in a shot-by-shot manner using an intensity monitor composed of a gas cell. Figure 11 shows the results of time-resolved measurements of the Gd 21 (Fe 90 Co 10 ) 79 sample (using the Ta (2 nm)/Gd 21 (Fe 90 Co 10 ) 79 (20 nm)/Ta (10 nm)/SiO 2 structure) that has been known to enable ultrafast spin switching. Each panel shows the intensity variation when normalized with respect to the incident intensity, which was monitored in a shot-by-shot manner with χ at each delay time. The vertical axis denotes the normalized intensity, i.e., the intensity that was detected at the MCP divided by the incident intensity. The intensity of the light that was reflected by the analyzer is monitored at the detector as a function of χ, as shown in the inset of Figure 10 . The two curves (blue and red) correspond to measurements performed under applied magnetic fields in the up and down directions along the sample surface normal, respectively. The solid lines indicate cosine fitting (Equation (11) ) to the experimental results. The zero angle was set at the middle angle between the minima of the curves that were obtained under application of +H and −H. The position of the middle angle did not change with respect to the delay time to within 0.5 degrees, which was the resolution used to determine θ K in this experiment. We see that the apparent shifts in the entire curves increase the reliability and the accuracy of the change, even with the possible existence of fluctuations between the individual data points. The Kerr rotation angle at each delay time can be extracted from the phase difference between the two curves, 3.2 • , 2.5 • , −1.1 • and −0.7 • for the delay times of −100, 100, 200 and 600 fs, respectively. The Kerr rotation angle of 3.1 • , which was measured from the static RMOKE (see Figure 9 ), was reproduced in the time-resolved measurements by tuning the FEL energy to 53 eV at −100 fs, at which the Kerr rotation angle is 3.2 • . Because a polar geometry is used in the TR-RMOKE measurements, the Kerr rotation angle indicates the out-of-plane magnetic moment of Fe in the Gd 21 (Fe 90 Co 10 ) 79 structure. Figure 11 shows a schematic depiction of the magnetization dynamics with respect to the external field that result from the time-dependent Kerr rotation angle. The lengths of the arrows in the figure correspond to the Kerr rotation angle magnitude for each delay time. At 200 fs after the high-intensity laser irradiation, the changes in the sign of the Kerr rotation angle indicate reversal of the Fe magnetization. Because −1.1 • at 200-fs delay time was larger than the resolution for determining Kerr angle in these measurements, the results showed magnetization reversal rather than the demagnetization. When the FERMI-FEL repetition rate of 10 Hz is considered, the Fe magnetic moment is recovered within at least 100 ms after pumping. This reversal mechanism is classified as a thermal process, unlike the non-thermal effect, such as the process involving the inverse Faraday effect that was observed in previous studies using circularly-polarized beams [109] . Because a linearly-polarized IR pump laser was used, there is no coupling in terms of the exchange of angular momentum between the photons and the spins in the material, although there is a possibility of coherent interaction between spin and photon field [110] , which occurs on a much faster timescale than this experimental resolution. Therefore, the angular momentum transfer path is closed between the Gd and Fe sub-lattices [111] . In Figure 12 , the time-dependent results that were obtained from this TR-RMOKE experiment with the FEL are shown. The magnetization reversal timescale of the Fe sublattice is the same as that in a previous study that used TR-XMCD with laser slicing [3] . Although the microscopic mechanism of the magnetization dynamics should be explored with various experimental conditions and materials, which is beyond the scope of this review paper, here we demonstrated that the TR-RMOKE scheme is useful for tracing of light-induced magnetization dynamics on a subpicosecond timescale. It should be noted that in time-resolved MOKE measurements, it has been argued that the MOKE signal is modified by a nonequilibrium state that is generated during the femtosecond pulse, meaning that the MOKE signal does not reflect the sample magnetization [112, 113] . While this effect is negligible for the time delays shown in Figures 11 and  12 , this should be considered when the delay becomes close to the dephasing time of the coherent correlation between the photons and the spins. These characteristics were obtained using a photon energy of 53 eV. The sample is a thin-film structure composed of Ta (2 nm)/Gd 21 (Fe 90 Co 10 ) 79 (20 nm)/Ta (10 nm)/SiO 2 . Solid lines show cosine fitting using Equation (11) for the data points that were obtained under application of +H (orange) and −H (purple). Inside the graphs, schematic diagrams of the time evolution of the Fe magnetic moment that were deduced from the time-dependent Kerr rotation angle are shown. At the delay time of −100 fs, H pointed in the same direction as the magnetic moment of the Fe sublattice. 
Conclusions and Outlook
In summary, we reviewed experimental measurements of the polar resonant magneto-optical Kerr effect (P-RMOKE) using soft X-rays and the extension of the method to time-resolved measurements using a free electron laser (FEL). We showed that the method has various advantages, including: (1) element specificity, (2) large Kerr rotation angle, (3) probing of the out-of-plane magnetization with various experimental setup at M-edge range for 3d transition metals, (4) use of the linearly-polarized light and (5) femtosecond-scale time resolution. Because the experiments were performed using the photon-in and photon-out configuration, we expect that the measurements could also be taken under magnetic and electric fields. This type of operando experimental method will be a promising tool for research into femtomagnetism and for the development of ultrafast spintronics. 
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